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X-ray integrated intensities J were measured from Si single crystals containing
dislocations as a function of crystal thickness using Mo Ko radiation. The
thickness dependence of J was compared with the statistical dynamical theory
of Kato [Acta Cryst. (1980), A36, 763-769, 770-778], which contains three
parameters: the static Debye—Waller factor E, the correlation length t for the
phase factor and the correlation length I' for the wave-field amplitudes. These
three parameters are absolutely required to interpret the experimental data in
contrast to the case of y-ray experiments in which J can be described by the
parameter E alone. For our specimens, the ranges of the fitted values of 7 and I'
are 0.003-0.108 um and 2.4-7.3 um, respectively, depending on the reflection
plane and the crystal perfection. This fact indicates that the assumption made in
Kato’s original theory, that I" is proportional to the extinction distance, should
be abandoned. The reason for which the two correlation lengths can be
neglected in the y-ray experiments is clarified.

1. Introduction

Kato (1980a,b) developed the statistical dynamical theory of
X-ray diffraction, which deals with the propagation of waves
in randomly distorted crystals. A notable characteristic of this
theory is that the primary and secondary extinctions are not
separated in contrast to conventional diffraction theories. The
theory is expected to explain diffraction phenomena from
perfect to ideally imperfect crystals and may be used to correct
for the extinction effect in crystals with any degree of imper-
fection and to characterize crystalline perfections. The effects
of distortion on the diffraction are described by three par-
ameters in the theory. They are the static Debye—Waller factor
E, the correlation length of the phase factor T and the corre-
lation length of the wave-field amplitudes I". Kato (1980a,b)
gave an analytical expression for the integrated intensity of
X-ray diffraction for an incident spherical wave. A minor error
in the theory was pointed out and revised by Al Haddad &
Becker (1988) and Guigay (1989). Subsequently, Becker &
Al Haddad (1989, 1990) discussed the magnitude of I'" and
concluded that I is of the same order of magnitude as 7. This
conclusion contradicts Kato’s original assumption that I' is
proportional to the extinction distance.

The theory has been extended to interpret the angular
profiles of diffraction observed using an incident plane wave
by several authors (Bushuev, 1989a,b; Punegov, 1990; Pavlov

& Punegov, 1998, 2000; Guigay & Vartanyants, 1999). The
extended theories have been used to characterize crystals such
as epitaxic films (Bushuev, 1989a; Punegov, 1990; Li et al.,
1995). However, there are a few extended theories that take
the correlation length I' into account (Pavlov & Punegov,
1998, 2000).

Several workers have performed experimental tests of the
statistical dynamical theories (Olekhnovich et al, 1983;
Voronkov et al., 1987; Schneider et al., 1992; Takama &
Harima, 1994; Kurbakov & Sokolov, 1999). Schneider et al.
(1992) measured the absolute integrated intensities of y-rays
from Si single crystals with microdefects as a function of
crystal thickness. The experimental data were compared with
the theories by Kato (1980a,b) and by Becker & Al Haddad
(1990). The result showed that the thickness dependence is
explained by the static Debye—Waller factor E alone and the
other parameters v and I' can be neglected in practice.
Recently, Kurbakov & Sokolov (1999) applied the theories to
the integrated intensities of y-rays measured from SiO, single
crystals with dislocations. The variation of the intensity with
the reflection plane was again explained by the parameter E
alone. On the other hand, Takama & Harima (1994) measured
the integrated intensities from specimens similar to those used
by Schneider et al. (1992) as a function of X-ray wavelength
using white X-rays. The measurements showed that the
wavelength dependence of the integrated intensity is not
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Table 1

Specimens used for measurement.

Specimen no. Thickness Surface orientation Dislocation densityt
1 619 um [001] 0 cm/cm®

2 652 pum [111] 600 cm/cm’®

3 583 um [001] 1.5 x 10° /em?

+ Specimens 1 and 2 made by the Lang method and specimen 3 made by the etch-pit
method.

interpreted by E alone, in contrast to the y-ray case, and that
the magnitudes of 7t and I' are several hundreds of A and
several micrometres, respectively.

The experimental tests have only been made on slightly
distorted crystals. The tests made using y-rays have shown a
different result from those made using X-rays in regard to the
correlation lengths v and I'. Moreover, the parameter I' is
neglected in the profile analyses using an incident plane wave.
It seems therefore to be necessary to test Kato’s theory for
heavily distorted crystals and to clarify the reason for which
the X-ray experiments gave a different result for the corre-
lation lengths from that of y-ray experiments. In the present
study, we measure the integrated intensity from silicon single
crystals with dislocations as a function of crystal thickness and
compare the results with Kato’s theory paying special atten-
tion to the correlation lengths.

2. Survey of the statistical dynamical theory

Kato’s theory starts with taking the statistical average of the
Takagi-Taupin equations (Takagi, 1962; Taupin, 1964) given
by

A0e) i toD,) (1a)
)
5 = ik (gD, (16)

4

where D, and D, are the amplitudes of the waves propagating
in the incident direction with coordinate s, and the diffracted
direction with coordinate s,, respectively. The reflection
strength &, is given by ACF,r,/v (A wavelength, C polarization
factor = 1 for the o state and |cos20g| for the 7 state, F,
structure factor of g reflection, r, classical radius of electron, v
volume of unit cell). The lattice phase factor ¢(r) is defined by

@(r) = exp[2mig - u(r)] = (¢) + d¢(r), ()

where g is the reciprocal-lattice vector and u(r) denotes the
local lattice displacement from the undistorted position. The
phase factor ¢(r) is expressed by the average (¢) = E and the
deviation 8¢(r) from(p). The average E is usually called the
static Debye—Waller factor. The factor E is 1 for perfect
crystals and zero for ideally imperfect crystals. Two kinds of
correlation length are defined in the theory. One is the
correlation length T between the phase factors in an arbitrary
direction given by

r= [ 60030 (@)1 — B dz, 3)
0

The other is the correlation length I' for the wave-field
amplitudes (Kato, 1980a).

Kato (1980b) derived analytical expressions for the inte-
grated intensity J in the symmetrical Laue case. According to
Kato, the derived expression consists in the sum of the
coherent, the incoherent and the mixed components. When
one uses an unpolarized incident beam and a monochromator,
J is given by

J = Kexp(—uT)(R, + |cos® 26,, cos 205|R ) /2
= Kexp(—uT)R, (4)

where R; (j = 7 or 0) is the sum of the three components for
the j state of polarization, 6,, the Bragg angle for the mono-
chromator and w the normal absorption coefficient for the
crystal under consideration. The factor K includes the Bragg
angle 65, wavelength, extinction distance and incident-beam
intensity. It is noted that the factor K is independent of the
crystal perfection for a given reflection.

The coherent component R; for the j polarization has a
relatively simple form given by

R{ = EW[2ET/AJexp[—2(1 — E*)Tt/A}]
+ E[I,(2ET|F}/F}|/A;) — 1exp[—2(1 — E*)Tt/A}], (5)

where W[x] [= ﬁf Jy(y) dy] means the Waller integral of the
zeroth-order Bessel function Jj,, T the effective crystal thick-
ness, /, the modified Bessel function of the zeroth order, Aj
the extinction distance for the j polarization. Fy and F, are the
real and imaginary parts of the structure factor of the g
reflection, respectively. It is seen that the coherent component
includes the two parameters, E and 7, and is independent of T'.
The first term of Rf in (5) oscillates with T and corresponds to
the Pendellosung oscillations. The second term corresponds to
the Borrmann anomalous transmission. The incoherent
component for the j polarization is expressed by

R =(1— E*)(t,/A;) " sinh(2Tt,/A7) exp(—2T7, /A7), (6)

where 7, = (1 — E*)t + E’T". The mixed component is rather
complex and is not shown here. For T = I = 0, one can easily
show that

RS = EW2ET/A] + E[l,ET|F./F]|/A;) — 1],
i 2 m
Ri=T(1—E)/A; and R=0. (7)

3. Experimental

Three parallel-sided Si single crystals were prepared. The
thickness, surface orientation and dislocation density for each
specimen are shown in Table 1. The density of as-grown
dislocations was determined by taking Lang topographs or by
counting etch-pit numbers. The integrated intensities J for the
symmetrical Laue-case diffraction were measured as a func-
tion of the effective crystal thickness 7, which was varied by
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the ¢-axis inclination method (Lawrence & Mathieson,
1977) using a four-circle goniometer. It is given by
T =1t/(cosBgzcos¢) for crystal thickness . Mo Ko X-rays
monochromated by a graphite crystal were utilized for the
incident beam. The diffracted intensities were measured by
the w-scan method with a step angle of 0.01° with the use of a
cadmium zinc telluride solid-state detector (XR100-CZT,
Amptek Inc.). The integrated intensity J at one ¢ setting was
obtained by integrating a rocking curve after subtracting the
background intensity. A scintillation monitor counter was
used to correct for the fluctuation of the incident-beam
intensity. The measured reflections were the 220, the 400 and
the 440 reflections for specimens 1 and 3, and the 220 and the
440 for specimen 2.

4. Results

Fig. 1 shows the integrated intensities J observed from speci-
mens 1 and 2 for the 220 reflection as a function of the incli-
nation angle ¢. In Fig. 1(a) for the dislocation-free specimen,
one recognizes faint Pendellosung oscillations near ¢ = 0. The
decrease of the integrated intensities with increasing ¢ in Figs.
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Figure 1
Examples of the measured integrated intensities J for the 220 reflection as
a function of the inclination angle ¢ (a) for specimen 1 and (b) for
specimen 2. Dots indicate measurements at positive angles and crosses at
negative angles.

1(a) and 1(b) is due to the increase in X-ray absorption. The
integrated intensity J is given by (4). For a perfect crystal with
E =1, R consists of the Waller integral and the Borrmann
transmission term. Therefore, the constant factor K for a given
reflection is determined by comparing the measured J for the
dislocation-free specimen with the theoretical calculation. The
atomic scattering factors measured by Saka & Kato (1986) and
the normal absorption coefficient (Wagenfeld, 1962) were
used for the correction. Hereafter, R is designated ‘corrected
intensity’ and compared with the theory.

Examples of the corrected intensity R are shown in Fig. 2 as
a function of the effective crystal thickness for the 220 and the
440 reflections. The intensities obtained from the positive and
negative ¢ angles are plotted together. As seen in the figure,
the two intensities at the same thickness for each specimen
with dislocations are slightly different from each other,
although the dislocation-free specimen gives almost the same
intensities. This is considered to originate from the shift of the
X-ray illumination area during the ¢ rotation. Actually, it was
observed in the topographs and the etch-pit density that the
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Figure 2

Corrected intensity R and results from fitting the theoretical integrated
intensity to R using the three parameters (a) for the 220 reflection and b
for the 440 reflection. Dots represent the observed intensities from
positive values of ¢ and crosses from negative values. Lines show the best
fit of theoretical R to the observed data introducing the three parameters
of E, T and T.
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Table 2

Results from fitting the theoretical integrated intensity to the experiments assuming two models

for the two parameters of 7 and I'.

Model 1 assumes that E, T and I" are free parameters. Model 2 assumes that t and I are zero. E for

specimen 1 is assumed to be 1. The r factor is defined by equation (8).

totally differ from those of the first model.
The second model shows poor agreement
in comparison with the first model as
evidenced by the large r values.

Model 2

Model 1

(hkl) Specimen no. E 7 (um) I' (um) r (%)
(200 1 1 - - 37

2 0.4459 (3) 0.108 (2) 7.3 (1) 2.1

3 0.574 (4) 0.066 (4) 7.2 (6) 5.4
(400) 1 1 - - 45

3 0.424 (1) 0.028 (2) 5.9 (4) 34
(440) 1 1 - - 4.8

2 0.46 (2) 0.003 (1) 33 (4) 5.7

3 0.321 (1) 0.050 (1) 2.4 (2) 3.8

E (%) 6. Discussion

6.983(4) 165 Takama & Harima (1994) tested the
0.980 (1) 8.0 theory by measuring the integrated
- - intensities as a function of X-ray wave-
0980 (1) 285 length. This test used Si single crystals
with heat-induced microdefects for the
samples to show that the three parameters,

0952 (1) 328
0796 (4)  12.6

dislocation density changes from area to area in the specimens.
It is seen in Fig. 2 that the corrected intensities of R observed
from the distorted specimens for the 220 reflection increase
with the effective thickness. The R for the 440 from specimen
2, however, is almost constant in the range of 7 between 0.6
and 2.3 mm. The slope of the increase depends on the
specimen and the reflection plane.

5. Comparison with the theory

As stated in the introduction, the correlation lengths 7 and I
could be neglected in y-ray experiments (Schneider et al.,
1992; Kurbakov & Sokolov, 1999). On the other hand, they
could not be ignored in the X-ray case (Takama & Harima,
1994). In the following, the present results are compared with
Kato’s theory assuming two models for the two correlation
lengths. In the comparison, the R values obtained for the
positive and negative ¢ angles are used simultaneously.

In the first model, the three parameters E, T and I' are
assumed to be free. The theoretical intensity R, is fitted to
the observed data R . The examples of the comparisons are
presented in Fig. 2. Table 2 summarizes the best-fitted values
of the parameters and the r factors defined by

— Z |Robs - Rthe'
Z Robs

The values of E range from 0.321 to 0.574 and those of T and I
from 0.003 to 0.108 um and 2.4 to 7.3 um, respectively. The
obtained r values are distributed in the range 2.1-5.7%. This
model explains well the observed intensity variations.

In the second model, E is taken as a free parameter while t
and [' are assumed to be zero according to the result by
Schneider et al. (1992). Fig. 3 displays examples of fitting for
the 220 and 440 reflections. R, for the 220 reflection of
specimen 3 agrees relatively well with the experiment, while
Ry, for the 440 reflection shows very poor agreement.
Generally speaking, R, in the second model shows a mono-
tonic increase with increasing effective thickness. This is
understood from (7), which indicates a linear increase of Rj
with 7. The best fitted values of E and the r factors are shown
in Table 2. As a natural consequence, the obtained E values

r x 100 (%). (8)

E, v and T', are required to explain the

experimental results and that the values of
7 and I" were 0.05-0.09 pm and 0.07-0.5 pum, respectively. The
present value of 7 (0.003-0.108 pm) is similar to the previous
one and I' (2.4-7.3 um) is about one order of magnitude
longer. By considering this fact and the above discussions, one
can say that the three parameters are necessary to explain the
intensities from distorted crystals in X-ray experiments. Kato
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Figure 3

Comparison between the corrected intensity R and the theoretical one
using only E as a free parameter (a) for the 220 reflection and (b) for the
440 reflection. Dots represent the observed intensities from positive
values of ¢ and crosses from negative values. Lines show the best fit of the
theoretical curve for R to the observed data using E alone.
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assumed that I' is close to A/E. The present values of A range
from 19 pum for the 440 reflection to 12 pm for the 220, which
give 27-60 um for Kato’s I'. Thus, one can conclude that T" is
not so long as Kato assumed.

The present results show that the diffracted X-ray intensity
from a distorted crystal can be explained by the use of three
parameters. If one uses radiations with shorter wavelengths,
what thickness dependence would be observed for the same
specimen? We discuss here the difference in intensity for the
Mo Ko radiation (0.707 A) and the '*Ir y-radiation of
wavelength 0.0392 A used by Schneider et al. (1992). All three
parameters E, T and I' are assumed to be inherent in a given
specimen and reflection and to be independent of wavelength.
The 400 reflection of our specimen 3 is taken as an example.
Curve (1) in Fig. 4 displays the best-fitted profile calculated for
the Mo K radiation using the three parameters. The optimal
values are 0.424 for E, 0.028 pum for 7 and 5.9 pm for I'. If
y-radiation is used instead of Mo K, curve (2) should be
observed for this specimen with the same three parameters. A
striking difference is noticed between curves (1) and (2). The
calculated intensity for the y-radiation varies almost linearly
with the crystal thickness.

Next, we try to approximate curve (2) using only the E
parameter assuming T =0 and I' =0 for the y-radiation.
Curve (3) in Fig. 4 is an approximation of curve (2). The fitted
E value of 0.495 is slightly different from the result using three
parameters in the fit. There are no significant differences
between curves (2) and (3). This indicates that the integrated
intensity observed with y-radiation is insensitive to t and I" as
pointed out by Schneider ef al. (1992). Kato’s theory contains
the parameters t and I" with the form divided by the extinction
distance A. The extinction distance for the '**Ir y-radiation is
18 times as long as that for the Mo Ko radiation. This leads to
the linear increase in intensity of the incoherent component in
the y-ray experiment. The parameter 7 is directly related to

Corrected intensity R ( arb. )

0 500 1000 1500 2000 2500 3000
Effective thickness 7' ( um )

Figure 4

Fits of various theoretical intensities of R to experimental data for the 400
reflection of specimen 3. Curve (1) is the best fit using the three
parameters for Mo Ka. Curve (2) is the calculation using the same values
of the three parameters as curve (1) for y-radiation with wavelength of
0.0392 A. Curve (3) shows the fit for R, calculated using the E parameter
alone, to the curve (2) for y-radiation. Curve (4) displays the best fit to the
observed R using E and t for Mo Ko radiation.

crystal imperfections such as the size, form and density of
defects. Therefore, one can say that an X-ray experiment gives
more useful information in general about distortion in crystals
than a y-ray experiment.

The statistical dynamical formulations developed for an
incident plane wave have been used to characterize crystal
perfections in artificial multilayer films (Bushuev, 1989a4;
Punegov, 1990; Li et al., 1995). The profiles of rocking curves
observed using the double-crystal method were analyzed using
the developed theories. In these formulations, the correlation
length 7 depends on the deviation from the exact Bragg
incidence. The functional form of 7 is calculated according to a
model of crystal distortions. In usual analyses, 7 includes the
thickness and inclination of the layers and displacement of the
unit cell. Results of the analysis would provide information
about the distortion. However, the correlation length I' was
neglected a priori in all the investigations. Curve (4) in Fig. 4
shows a best fit to the observed intensity for the Mo Ko
radiation assuming I' = 0 (E and 7t are free). The parameters
E and 7 are exactly the same as the ones obtained from model
2 described above. The calculated intensity does not agree
with the experimental data. Generally speaking, the variation
of the diffracted intensity for large crystal thickness cannot be
explained by neglecting I" as seen in Figs. 3 and 4. The par-
ameter " should be taken into account in a full analysis, and
also in a profile analysis.

7. Summary

In the present study, we measured the integrated intensities
from Si crystals with and without dislocations as a function of
crystal thickness. The intensities from the dislocated crystals
did not increase linearly with thickness but remained constant
for large crystal thicknesses. Kato’s theory explained well the
thickness dependence if E, T and I were assumed to be free
parameters. It was confirmed that the parameters T and I’
could not be neglected in contrast to the case of the y-ray
experiments.

A computer simulation was made in order to clarify the
reason for the difference in 7 and I" values between X-ray and
y-ray measurements. It was found that the y-ray diffracted
intensity is insensitive to T and I' in comparison with the case
for X-rays because of the large extinction length for y-rays.
This indicates that X-ray diffraction is more useful in
obtaining information on crystal distortion than y-ray
diffraction.

The authors would like to thank Professor H. Hashizume of
Nara Institute of Science and Technology for helpful sugges-
tions and a critical reading of the manuscript.
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